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The notions of weak*-nonexpansive mapping and generalized R-multivalued mapping are
introduced. Fixed points, common fixed points and some properties of the set of fixed
points (common fixed points) of these maps are studied.
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1. Introduction and preliminaries
The study of fixed points for multivalued contractions and nonexpansive maps using the Hausdorff metric was initiated
byMarkin [1]. Later, an interesting and rich fixed point theory for suchmapswas developed. The theory ofmultivaluedmaps
has application in control theory, convex optimization, differential equations and economics. The concept of *-nonexpansive
multivalued maps has been introduced and studied by Husain and Latif [2] which is a generalization of the usual notion
of nonexpansiveness for single-valued maps. It has been demonstrated by Khan and Hussain [3] that a *-nonexpansive
multivalued map is not weakly nonexpansive and in general, *-nonexpansive multivalued maps are neither nonexpansive
nor continuous. Recently, Suzuki [4] introduced a class of single-valuedmappings satisfying a conditionwhich isweaker than
nonexpansiveness and stronger than quasi-nonexpansiveness. In this paper we have extended this notion to multivalued
mappings, and have introduced a new class of multivalued mappings called weak*-nonexpansive maps, which includes
the class of weakly nonexpansive multivalued maps, and have obtained a fixed point result. The notion of a generalized
R-multivalued mapping is also introduced and a fixed point theorem for this class of mappings is proved. These results
extend and unify various comparable results from the literature [2,5–8].
Consistently with [9], we use the following notation for in a metric space (X, d); x ∈ X , A ⊆ X , and d(x, A) = inf{d(x, A) :
y ∈ A}. We denote by 2X , and CB(X) the families of all nonempty, and nonempty bounded and closed subsets of X ,
respectively. Let H be the Hausdorff metric induced by d of X , and given by
H(A, B) = max{sup
x∈A
d(x, B), sup
y∈B
d(y, A)}
for everyA, B ∈ CB(X). Let C be a subset ofX .We recall that amultivaluedmapping T : C −→ 2X is said to be nonexpansive if
H(Tx, Ty) ≤ d(x, y).
The mapping T is said to be demiclosed at x∗ in X if {xn} is a sequence in C which converges weakly to x and yn ∈ Txn → x∗;
then x∗ ∈ Tx.
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Definition 1.1. A mapping T : C −→ 2X is called weakly nonexpansive if, for each x ∈ C and ux ∈ Tx, there is a uy in Ty for
each y ∈ C such that
d(ux, uy) ≤ d(x, y).
An example of a weakly nonexpansive map is given by
Tx = ∪α∈I Tαx,
where I is an indexing set and Tα is the family of single-valued nonexpansive mappings of C into itself [10].
Definition 1.2. A mapping T : C −→ 2X is called *-nonexpansive if, for each x ∈ C and ux ∈ Txwith
d(x, ux) = d(x, Tx),
there is a uy in Tywith
d(y, uy) = d(y, Ty)
such that
d(ux, uy) ≤ d(x, y).
The notions of *-nonexpansive multivalued maps and weakly nonexpansive multivalued maps are independent of each
other [10].
We introduce a new class of multivalued mappings.
Definition 1.3. Let C be a subset of a Banach space X . A mapping T : C −→ 2X is called weak*-nonexpansive if, for each
x ∈ C , and ux ∈ Tx and y ∈ C for which
1
2
d(x, ux) ≤ d(x, y), (1)
there exists a uy in Ty such that
d(ux, uy) ≤ d(x, y). (2)
We give an example of a nonexpansive mapping which is not weakly nonexpansive.
Example 1.4. Let T : [0, 1] → 2[0,1] be a multivalued mapping defined by
Tx =

{1} when x ∈
[
0,
1
2
)
[
0,
x
2
]
when x ∈
[
1
2
, 1
]
.
Note that, if we take x = 12 , ux = 0 ∈ Tx, then for y = 0, we have uy = 1 and d(ux, uy) = 1 > d(x, y).
Obviously aweak*-nonexpansivemapping need not be *-nonexpansive. The following is an example of a *-nonexpansive
mapping which is not weak*-nonexpansive, which establishes the fact that the definitions of weak*-nonexpansive and *-
nonexpansive are independent.
Example 1.5. Define T : [0,∞)→ 2[0,∞) by
Tx = [x, 2x].
Note that T is a *-nonexpansive mapping [10]. However for each x in X , choose y ∈ X so that 0 < y < x2 . Then
1
2
d(x, ux) = 12 (ux − x) ≤
x
2
< x− y = d(x, y).
But for ux = 2x,
d(ux, uy) = 2x− uy ≥ 2(x− y) > x− y = d(x, y),
and T is not weak*-nonexpansive.
Note that a weakly nonexpansive mapping is weak*-nonexpansive. The following is an example of a weak*-nonexpansive
which is not weakly nonexpansive.
Example 1.6. Let X = [0,∞), C = [0, 3] ∪ [7, 8] ⊆ X , and T : C → 2X be a multivalued mapping defined by
Tx =
{
(0, x] − {1} when x ∈ [0, 3]
{0} when x ∈ [7, 8)
{1} when x = 8.
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If x ∈ [7, 8) and y = 8 or y ∈ [7, 8) and x = 8, then (1) is not satisfied. Direct calculations verify that, for all x, y satisfying
(1), condition (2) is also satisfied. To show that T is not weakly nonexpansive, let x = 8 − ε for ε small, and y = 8. Then
d(ux, uy) = 1 > d(x, 8) and (2) is not satisfied.
Now we establish a fixed point theorem for a weak*-nonexpansive multivalued mapping.
Theorem 1.7. Let C be a weakly compact subset of a Banach space X and T : C −→ CB(C) a weak*-nonexpansive multivalued
mapping. If I − T is demiclosed at 0, then T has a fixed point.
Proof. Let x1 ∈ C and xn+1 ∈ λTxn + (1− λ)xn for n ∈ N , and λ a constant satisfying λ ∈ [ 12 , 1). This implies that
xn+1 = λyn + (1− λ)xn
for some yn ∈ Txn. Now
1
2
d(xn, Txn) ≤ 12 ‖xn − yn‖ ≤ λ ‖xn − yn‖ = ‖xn − xn+1‖
for n ∈ N . Since T is weak*-nonexpansive, there exists a yn+1 in Txn+1 such that
‖yn − yn+1‖ ≤ ‖xn − xn+1‖ .
Using Lemma 3 [4] (see also, [11]), we have
lim
n→∞ ‖yn − xn‖ = 0.
SinceC isweakly compact, there exists a subsequence {xnk}of {xn} convergingweakly to x∗ inC . Also, znk = xnk−ynk ∈ I−Txnk
and znk → 0. It follows from the demiclosedness of I − T at 0 that 0 ∈ I − Tx∗; that is, x∗ ∈ Tx∗, as desired. 
Kannan [6] has proved a fixed point theorem for a single-valued self-mapping T of X satisfying the property
d(Tx, Ty) ≤ h{d(x, Tx)+ d(y, Ty)}
for all x, y in X and for a fixed h ∈ [0, 12 ). Latif and Beg [7] introduced the notion of a K -multivalued mapping, which is the
extension of Kannan mappings to multivalued mappings. Recently, Rus et al. [8] coined the term R-multivalued mapping,
which is a generalization of a K -multivalued mapping.
Definition 1.8. Two multivalued maps S, T : X −→ 2X are called a generalized R-multivalued pair if (i) for each x, y ∈ X ,
ux ∈ Sx, there exists a uy ∈ Ty such that (3) holds, and (ii) for each x, y ∈ X , uy ∈ Ty, there exists a ux ∈ Sx such that (3)
holds, and
d(ux, uy) ≤ hmax
{
d(x, y), d(x, ux), d(y, uy),
d(x, uy)+ d(y, ux)
2
}
, (3)
where 0 ≤ h < 1.
Using a two-map analogue of (3) we prove the following result.
Theorem 1.9. Let (X, d) be a complete metric space, S, T : X −→ CB(X) a generalized R-multivalued pair satisfying (3). Then
F(S) = F(T ) 6= φ. Moreover, F(S) = F(T ) is closed.
Proof. Let x∗ ∈ X be a fixed point of S; that is x∗ ∈ Sx∗. Then by hypothesis, there exists an x ∈ Tx∗ such that
d(x∗, x) ≤ hmax
{
d(x∗, x∗), d(x∗, x∗), d(x, x∗),
d(x∗, x)+ d(x∗, x∗)
2
}
= hmax
{
d(x, x∗),
d(x, x∗)
2
}
= hd(x, x∗),
which gives x∗ = x; that is, F(S) ⊆ F(T ). Similarly, F(T ) ⊆ F(S). Hence F(S) = F(T ). Let x0 ∈ X and x1 ∈ Sx0. Then by
hypothesis there exists an x2 ∈ Tx1 such that
d(x1, x2) ≤ hmax
{
d(x0, x1), d(x0, x1), d(x1, x2),
d(x0, x2)+ d(x1, x1)
2
}
= hmax
{
d(x0, x1), d(x1, x2),
d(x0, x2)
2
}
= hmax {d(x0, x1), d(x1, x2)} = hd(x0, x1),
M. Abbas, B.E. Rhoades / Applied Mathematics Letters 22 (2009) 1364–1368 1367
since h < 1. Similarly, there exists an x3 ∈ Sx2 such that
d(x2, x3) ≤ hd(x1, x2).
By induction, there exists a sequence {xm}with x0 ∈ X, x2m−1 ∈ Sx2m−2, and x2m ∈ Tx2m−1 such that
d(xm, xm+1) ≤ hmd(x0, x1). (4)
In obtaining (4) it has been assumed that xn 6= xn+1 for each n. Such an assumption is reasonable. For suppose that there is an
integer N such that xN = xN+1. If N is odd, then there is somem for which N = 2m− 1 and we have x2m−1 = x2m ∈ Sx2m−1,
and x2m−1 ∈ F(S) = F(T ). Similarly, if N is even, then x2m ∈ F(T ) = F(S). From (4) it follows that xm → x∗ ∈ X asm→∞,
for some x∗ ∈ X . Further, x2m ∈ Tx2m−1 and so there exists a um in Sx∗ such that
d(um, x2m) ≤ hmax
{
d(x∗, x2m−1), d(x∗, um), d(x2m, x2m−1),
d(x∗, x2m)+ d(x2m−1, um)
2
}
. (5)
Since {um} is bounded, lim supm→∞ um = u∗, and lim infm→∞ um = u∗ both exist. Taking the lim sup of both sides of (5)
yields u∗ = x∗. Similarly, taking the lim inf of both sides gives u∗ = x∗. Since um ∈ Sx∗ for all n ≥ 1 and Sx∗ is a closed set, it
follows that x∗ ∈ Sx∗.
Since F(S) = F(T ) 6= φ, let xn ∈ F(S), n ∈ N , be such that xn → x∗ as n→ ∞. Since xn ∈ Sxn for each n, by definition,
there exists a vn ∈ Tx∗ such that
d(xn, vn) ≤ hmax
{
d(xn, x∗), d(xn, xn), d(x∗, vn),
d(xn, vn)+ d(x∗, xn)
2
}
.
Note that {vn} is bounded. A similar argument implies that d(x∗, vn)→ 0 as n→∞. Since vn ∈ Tx∗ for all n ≥ 1 and Tx∗ is
a closed set, it follows that x∗ ∈ Tx∗ and hence x∗ ∈ Sx∗, which establishes the result. 
Example 1.10. Let X = [0, 1]with the usual metric. Define S, T : X → CB(X) by
Sx =
[
0,
x
4
]
, Tx =
[
0,
x
2
]
for all x ∈ X .
We shall first show that, for each x ∈ X , each ux ∈ Sx, and for each y ∈ X , there exists some uy ∈ Ty such that (3) is satisfied.
Case I. 0 ≤ x < y. Choose uy = 0. Then
d(ux, uy) ≤ ux ≤ x4 .
m(x, y) = max
{
d(x, y), d(x, ux), d(y, uy),
d(x, uy)+ d(y, ux)
2
}
= max
{
y− x, x− ux, y, x+ y− ux2
}
≥ x− ux ≥ 3x4
and (3) is satisfied with h = 13 .
Case II. 0 ≤ y ≤ x. The same conclusion holds with uy = 0.
d(ux, uy) ≤ ux ≤ x4 .
m(x, y) = max
{
y− x, x− ux, y, x+ y− ux2
}
≥ x− ux ≥ 3x4
and (3) is satisfied with h = 13 .
We now wish to show that, for each y ∈ X , each uy ∈ Ty, and for each x ∈ X , there exists some ux ∈ Sx such that (4) is
satisfied.
Case III. Assume that 0 ≤ x < y. (a) For uy ≤ 14 , choose ux = uy. Then (3) is trivially satisfied. (b) For 14 < uy, choose ux = uy2 .
Then
d(ux, uy) = uy2 ≤
y
4
.
m(x, y) = max
{
y− x, |x− ux| , y− uy, |x− ux| + y− uy2
}
≥ y− uy ≥ y2
and (3) is satisfied with h = 12 .
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Case IV. Assume that 0 ≤ y ≤ x. Choose ux = 0. Then
d(ux, uy) = uy ≤ y2 .
m(x, y) = max
{
x− y, x, y− uy, x− uy + y2
}
≥ x− uy + y
2
≥ 2y−
y
2
2
= 3y
4
and (3) is satisfied with h = 23 .
Therefore (3) is satisfied with h = 23 .
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